In this paper, we propose a new method for the design of mechanical metamaterials by integrating the parametric level set method (PLSM) with the energy-based homogenization method (EBHM), where the topologies and shapes of material microstructures periodically distributed in the bulk material are optimized simultaneously. Firstly, material effective properties are evaluated by the EBHM under the topologies of material microstructures, where the average stress and strain theorems work as the basic theoretical framework rather than the asymptotic theory. Secondly, under the definition of the objective to seek for the negative Poisson's ratios, the PLSM is employed to evolve the topologies of microstructures until the bulk material is to be featured with negative Poisson's ratios. Several numerical examples for microstructures considering the orthotropy and isotropy are performed. A series of new and interesting material cells with negative Poisson's ratio are obtained.
Introduction
The structure of materials determines the properties and functions, while mechanical metamaterials establish the connection in material form and function. Due to the exotic properties, metamaterials are experiencing popularity in many emerging areas and engineering fields. It is noted that negative Poisson's ratio materials exhibit counter-intuitive properties: expanding laterally when stretched and contracting laterally when compressed [1] . However, only a limited number of natural materials [2, 3] and artificial structures have been reported to exhibit negative Poisson's ratios. Topology optimization has long been recognized as a powerful tool for the optimal design of both structures and materials [4] , which iteratively eliminate and redistribute materials within a given design space to seek the best material layout. Until now, there are various approaches for the discipline of topology optimization, such as the homogenization method [5] , the solid isotropic material with penalization (SIMP) [6] , the evolutionary structural optimization (ESO) [7] and the level set method (LSM) [8] , etc. Amongst them, a parametric level set method (PLSM) [9, 10] has been considered as a powerful level-set structural design method, which not only inherits the positive merits, but also eliminates the unfavorable features of the standard LSM. In the PLSM, the initial time-space coupled level set function is interpolated by the CSRBFs, so that the advancing of structural boundaries is equivalent to the evolution of the sizes of expansion coefficients of the CSRBFs. Moreover, many well-established efficient optimization algorithms can be directly applied into the PLSM to improve the optimization efficiency, e.g. the optimality criteria (OC) [11] . The PLSM has been applied to solve many problems.
Since the homogenization theory has been established, it is rapidly becoming popular to apply the topology optimization to seek the best layout for periodic RVE to enhance material properties [12, 13] . After the pioneering work of Sigmund who proposes an inverse design method by combing topology optimization with the numerical homogenization method [14] . The homogenization is used to evaluate the effective properties, and topology optimization is used to evolve the topoloiges of material cells until the expected effective properties is gained. Various materials with the novel mechanical or physical performances have been presented, such as extreme properties [15] , maximum stiffness and fluid permeability [16] , exotic thermomechanical properties [17] and negative Poisson's ratio [18] . Nevertheless, the majority of these existing methods are based on the material densityrelated interpolation schemes, which are featured with the conceptual simplicity and the numerical easiness but with several unexpected numerical features, like the numerical instability, intermediate density and zigzag boundary. On the other hand, the numerical homogenization method (NHM) is utilized to evaluate material effective properties, which works as the bridge between the design of micro-structured materials and topology optimization [14] . It is well-known that the asymptotic expansion theory works as the basic framework of the NHM, while theoretical derivations and numerical implementations are relatively complex. As an alternative way, the energy-based homogenization method (EBHM) [20] has been proposed for the design of micro-structured materials, in which the average stress and strain theorems are the main theoretical basis to predict the materials effective properties. This paper will develop a new method for the design of mechanical metamaterials by integrating the PLSM with the EBHM, where the topologies and shapes of material microstructures periodically distributed in the bulk material are optimized simultaneously.
Parametric level set method
The main idea of the LSM lies in that the structural design boundary is implicitly described by zero level set of a higher dimension scalar function, as shown in Fig. 1 . The different parts of a 2D design domain can be represent by the level set function, as follows:
Where  is the structural design domain contained in reference domain D . The term  denotes the structural boundary at the zero level set.
Fig. 1. 3D LSF and the structural design domain
In the LSM, the dynamic evolution process of the structural boundary is formulated as the HamiltonJacobi partial differential function (H-J PDE) [8] . The merging and splitting of the design boundary towards its optimal can be mathematically governed by iteratively solving of the H-J PDE, written as:
where n v is the normal velocity field at the structural boundary. It is summarized that structural topology optimization by using the LSM can be regarded as a dynamic evolution process of the level set surface via updating the normal velocity n v . However, as discussed previously, the direct solving of the H-J PDE to obtain the velocity field along boundary requires complicated numerical schemes [8] . In this article, the CSRBF with C2 continuity presented by Wendland [20] is adopted to parametrize the level set function. The LSF can be approximated by a series of CSRBFs and their expansion coefficients at different knots [9, 10] .
The LSF has been completely decoupled in Eq. (5), in which the CSRBF term   φ x is only spatialdependent, while the expansion coefficient vector α is only time-dependent. For simplicity, the coordinates of CSRBF knots are assumed to be identical to the coordinates of FEA nodes. Substituting Eq. (5) Hereto, the standard LSM is transformed into a parametric form. It can be seen that n v is naturally extended to the whole design domain, and thus there is no need to employ additional schemes to extend the velocity field. (7) where Id e u denotes the corresponding induced element displacements, and e ijkl Q stands for the elementary mutual energy. It is noted that the effective elasticity properties are interpreted as the summation of elastic energies of PUCs [15, 19] .
4.Optimization design of mechanical metamaterials
In this paper, the latter one is investigated to gain materials with the Negative Poisson's ratio. The optimization model is established by integrating the PLSM with the EBHM: 
where α denotes the vector of design variables, V is the volume fraction constraint with an upper bound of Vmax. H is the Heaviside function. and U  are the lower and upper bound of the design variables, respectively. In the RVE, the linear elasticity equilibrium equation is stated in the weak variational form, in which the bilinear energy term a and the linear load form l can be written as:
Moreover, the expansion coefficients, which are identified as the design variables, can be updated by the more efficient gradient-based optimization algorithms, rather than directly solving H-J PDE using the up-wind scheme. In the developed topology optimization formulation, the design analysis of the objective and constraint functions with respect to the design variables is used to derive their updating, and the final form is given: . The RVE has no definite sizes in actual. For numerical simplicity, the dimensionless of the RVE is defined as 1×1, which is discretized by a mesh of 100×100. The iteration will be terminated when the difference of the objective functions between two successive steps is less than 10 -4 . Six different initializations of the RVE are defined in Table 1 , where the first three are uniformly distributed with some holes and the last is fully filled with materials. Hence, the optimization will be discussed in six cases in terms of initializations.
Tab. 1 Six initializations of the RVE
Six cases are still investigated to show the positive features of the proposed design method. In Tab. 2, The optimal results are provided including the defined volume fraction, the optimized RVEs with extreme shear modulus G, the 3×3 Repetitive RVEs, the corresponding homogenized elastic tensor. It can be easily found that the periodical cellular materials with negative Poisson's ratio can be gained by the proposed design method, which further verify the validity. Similar to the above optimization designs, the optimized configurations of the RVE with negative Poisson's ratio are significantly
depended on the initializations. Compared with case 2 and 3 in the row 2 and 3 of Tab. 2, the optimized solutions are closer while the corresponding configurations are different. As far as the proposed method is concerned, there exists the nucleation mechanism of new holes within the design domain by analysing the case 4. Hence, the complex topological and shape evolution can be perfectly processed by deleting or generating holes as well as merging or splitting boundaries in the proposed design method. Moreover, the optimized topologies of the RVEs are all featured with smooth structural boundaries and distinct material interface due to the use of the PLSM, which shows the positive features of the developed design method again. Tab 
Conclusions
This article proposes a new topological shape optimization method for the design mechanical metamaterials with negative Poisson's ratios. The design method systematically integrates the parametric level set method (PLSM) with the energy-based homogenization method (EBHM). In this method, the homogenized elastic properties of the RVE is evaluated by the EBHM, while the shape and topology changes of the RVE are evolved by the PLSM. From numerical examples, periodical cellular materials with negative Poisson's ratio are obtained. 6 
